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Abstract 
We study several schemas for generating from one sort of open cover of a topological space 
a second sort of open cover. Some of these schemas come from classical literature, others are 
borrowed from the theory of ultrafilters on the set of positive integers. We show that the fact 
that such a schema actually succeeds in producing a cover imposes trong combinatorial structure 
on the family of open covers of a certain sort. In particular, we show that certain analogues of 
Ramsey’s theorem characterize some of these circumstances. 
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1. Introduction 
Several important classes of topological spaces have been described by schemas of 
the sort where classes A and I3 of covers are given, as well as some procedure Ii’ for 
generating from elements of A, elements of B. A space is said to have property II(d, B) 
if by means of the procedure II it is possible to produce from covers in A a cover in 
B. We study the combinatorial structure imposed on classes of open covers by the fact 
that a space belongs to a class described by such a schema. We emphasize the following 
classes of open covers: 
(1) 0: the collection of all open covers of X. 
(2) A: the collection of all large covers of X: A cover C is large if it is an open cover 
such that for each x in X the set {C E C: x E C} is infinite. 
(3) 6A: the collection of all densely large covers of X: A cover C is densely large if 
it is an open cover of X such that there is a dense subset, say D, of X such that C is a 
large cover relative to D. 
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(4) Q: the collection of w-covers of X, a notion introduced in [S]. A cover C of X is 
an w-cover if it is an open cover of X such that no element of C contains X, and each 
finite subset of X is a subset of some element of C. 
(5) l? the collection of y-covers of X: An open cover C of X is a y-cover if, for each 
2 in X, the set {U E C: 2 $! V} is finite, and C is infinite. 
We have the inclusions: F C 6’ 2 II c 6A & 0. 
The following a key observation about w-covers is used often without explicit refer- 
ence: 
Lemma 1. If U is an w-cover of X then for every partition of U into finitely many 
classes, at least one of these classes is an w-cover of X. 
This observation is also true of y-covers: 
Lemma 2. If24 is a y-cover of X, so is every injinite subset of l4. 
In the vague description above of the schemas for generating open covers of a space, 
the binary operators (or procedures) 17 of interest to us will all have the property of being 
antimonotonic in the first variable, and monotonic in the second, This means that if A, B 
and D are nonempty subsets of 0 such that A c I3, then we have: 17(23, A) 2 l7(D, B) 
and 17(d, D) _> 17(23, D). It follows that for A C B 2 0 one automatically has: 
In this diagram, as in the ones to follow, an arrow indicates that the class at the 
beginning point of the arrow is a subclass of the class at the terminal point. It will often 
turn out that the classes represented by the vertices of our diagrams are not provably 
equal; though this is important information which partially justifies the introduction of 
these classes and their study, this will not be a point of emphasis of this paper, but is 
postponed to [ 121. Instead, we are going to study the combinatorial properties of the sets 
of open covers for members of our classes of spaces. 
We confine ourselves to the comfortable setting of metric spaces where a variety of 
combinatorial tools are at our disposal. Worthy as such a pursuit may be, we didn’t extract 
the exact topological circumstances under which our arguments will still go through. 
One of the main tools in our study is the notion of an infinite game. The reader will 
also notice that we had a lot of guidance from two well established theories: the theory 
of ultrafilters on the set of positive integers, and Ramsey theory. 
Quite a few new symbols are introduced throughout the paper. We have tried to keep 
these as suggestive as possible of the concepts they denote. Except for the new notions 
introduced, our notation is standard and can be gleaned from most of the more recent 
references in our bibliography. 
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2. Operators 
Let A and t3 be nonempty subsets of 0. 
2.1. Selection from a sequence of covers 
Let I7 be a procedure for building, from a sequence (Z&: n = 1,2,3, . . .) of covers 
from A, a cover from B. We shall say that X belongs to the class IT(d, 23) if: for every 
sequence (Un: n = 1,2,3,. . .) of covers from d, one can build, using procedure l7, a 
cover of X which is in 8. 
There are many different such processes in the literature; here we concentrate on the 
following three: 
(1) Sr: from a sequence @An: n = 1,2,3,. . .) of elements of A, select for each n a 
U,~i&,toobtain{lJ,: n=1,2,3 ,... },amemberofI+?. 
(2) Sfin: from a sequence (I.&: n = 1,2,3, . . .) of elements of A, select for each n a 
finite subset V, of U, to obtain a member Ur=‘=, II, of I?. 
(3) Us”: from a sequence (Z&: n = 1,2,3,. . .) of elements of A, select for each n a 
finite subset V, of U, to obtain a member {UVn: n = 1,2,3,. . .} of f3. 
One can check that for any collection A of open covers, and for t? any one of 0, A, 0 
or r the operators Ssn and S1 are related as follows: 
Because of our peculiar requirements regarding y-covers (that they be infinite), large 
covers (every point belongs to infinitely many distinct members of the cover) and w- 
covers (that they don’t contain an open set which covers the entire space), and since finite 
unions might destroy these properties, the relation of the operator Usn(., .) to the other 
two is a little more delicate. To allow for a smooth exposition we make the following 
three conventions: 
Convention 1. The symbol Us,(d, r*) denotes the class of spaces X with the following 
property: for every sequence (Z&: n = 1,2,3, . . .) of d-covers of X there is a sequence 
(Vn: n= 1,2,3,...) suchthat: 
(1) for each n, V, is a finite subset of U,, and 
(2) either {UVn: n = 1,2,3,. . .} is a y-cover of X, or else for all but finitely many 
72, X = UVn. 
Convention 2. For Q, the symbol &,(A, L’**) denotes the class of spaces X with the 
following property: for every sequence (2.4,: n = 1,2,3, . . .) of d-covers of X there is 
a sequence (Vn: n = 1,2,3, . . .) such that: 
(1) for each n, V, is a finite subset of U,, and 
(2) either {UVn: n = 1,2,3,. . .} is an w-cover of X, or else for some n, X = U V,. 
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Convention 3. The symbol &,(A, .4***) denotes the class of spaces X with the fol- 
lowing property: for every sequence (I!&: n = 1,2,3,. . .) of d-covers of X there is a 
sequence (Vn: n = 1,2,3,. . .) such that: 
(1) for each n, U, is a finite subset of U,, and 
(2) either {lJ Vn: n = 1,2,3, . . .} is a large cover of X, or else for infinitely many 
n,X=lJVn. 
From elementary considerations we obtain the following diagram: 
ulin@-l r*) - Ufin(C .**I - &“(I-, A***) - Ufin (C 0) 
1 1 t 1 
Sii” (C r) - sin (C fq - Sfi” (C A> - San u-7 0) 
1 T I t 
s1 (r, r) - s1 (r, 0) - s1 (r, 4 -w-m 
i t t 1 
sdfv) -S1(fl,Q) ----+Sl(fh~) - Sl(fl> 0) 
Some of the vertices of this directed graph correspond to well-known classes: 
l St (0, r) denotes the y-sets of Gerlits and Nagy [8], 
l St (Q, 0) denotes the C/‘-sets of Rothberger [18], 
l Us,(r, r’) denotes the collection of sets having Hurewicz’s property [ 111, 
l Usn(r, 0) denotes the collection of sets having Menger’s property [lo]. 
One can show that even for the specific case of subsets of the real line no two of the 
nine classes of sets represented by the vertices of the 3 x 3 subdiagram made up from 
the first, second and fourth columns and the third, fourth and sixth (= top) rows in our 
diagram are provably equal (this is shown in [ 121); no doubt one can in ZFC find general 
topological spaces which would witness that no two of these nine classes in general 
coincide, but we did not investigate this. 
The position of the important class Ss,(R, Q) is not indicated in the diagram. It lies 
between the classes St (Q, a) and !&(r, 0). A deeper analysis of this class is taken up 
in [12]. 
2.2. Schemas based on binary relations 
Let R be a binary relation on 0. Let A and t3 be two nonempty subsets of 0. Then 
the symbol R(d, 23) denotes: 
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for every element A of d, there is an element B of 13 such that (B, A) E R. 
For example, let Ref be the symbol for the “refinement” relation: An open cover U of 
X refines an open cover U of X if for every V in V there is a U in U such that V C U. 
We write (V,U) E Fief for this. If we let IOC@ denote the collection of locally finite 
open covers of the space X, then Ref(O, Ioc@) abbreviates that (X, T) is paracompact. 
Similarly, if we let pt@ denote the collection of point finite open covers of X, then 
Ref(0, pt@) abbreviates that (X, 7) is metacompact. 
Another symbol we require is: Sub, denoting the “subset” relation. The symbol 
Sub(d, D) denotes: for every element A of d, there is an element B of Z? such that 
B is a subset of A. 
As an example, let K denote the set of countable open covers of X. Then Sub(O, K) 
abbreviates that (X,7) is LindelGf. If @ denotes the collection of finite open covers of 
a topological space, then Sub(O, (a) denotes that (X,-r) is compact. Incidentally, note 
that in the notation just established, X has Rothberger’s property C’ if, and only if, X 
is a member of SI (@, 0). 
2.3. Schemas based on disjointification 
Distinct representatives 
Let IC be an infinite cardinal number. It is well known that if S is a family of cardinality 
at most K consisting of sets, each of cardinality K, then there is for each S in S a set 
Bs 2 S of cardinality K such that the family (Bs: 5’ E S) is a pairwise disjoint 
family. This fact is of great use in infinitary combinatorics. We need an analogue of 
this for our topological situation. Define: the collection A of open covers is countably 
distinctly representable by the collection t? of open covers, relative to the binary relation 
R, if: for every sequence (Z&: n = 1,2,3, . .) of elements of A, there is a sequence 
(l/n: n = 1,2,3, . .) of elements of 23 such that 
(1) for each n, (Vn, ZA,) E R, and 
(2) for distinct m and n, V, n V, = 8. 
This defines a binary relation on the collection of subsets of 6. The symbol CDRR de- 
notes this binary relation, and CDRR(d, B) abbreviates the assertion that A is countably 
distinctly representable by B relative to R. Since we shall often use such assertions as 
CDRR,~(O, Ioc@) and CDRR,~(O, pt@), we determine some circumstances under which 
these are applicable. Recall that a cover U of a set X is irreducible if for each U in U, 
the set U \ {U} IS not a cover for X. A standard argument using Zorn’s Lemma shows 
that every point-finite cover of a set S by some of its subsets has an irreducible subcover. 
Lemma 3. Let (X, r) be a T2 space which has no isolated points. If the space satisfies 
Ref(0, pt@) (i.e., the space is metacompact) then it also satisfies CDRR~~(O, pt@). 
Proof. Let (U,: n= 1,2,3,. . .) be a sequence of open covers of X. 
To begin, let VI be an irreducible point finite open cover of X which refines l-41. Let 
N be a positive integer and assume that VI, . . , VN have already been chosen such that: 
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(1) each Vi is an irreducible point finite open cover of X which refines Lfi, and 
(2) for i # j, Vi fl Vj = 0. 
Now let W be the set of those open subsets U of X which have the property that there 
aresetsAt,..., AN and B where for each i Ai is an element of Vi, and B is an element 
of uN+t, and U is a proper subset of B n (n:, Ai). 
For each i, since each element of W is a proper subset of some element of Vi and 
since Vi is an irreducible open cover of X, every refinement of W will be disjoint from 
Vi (and will be a refinement of UN+,). Now let Vjv+t be an irreducible open point finite 
refinement of W. 
ThenVt,..., vN+t still satisfy the two requirements above, and the recursive selection 
procedure continues. 0 
This lemma holds in particular for the metric space setting, which we are favoring. 
Here is another useful fact: 
Lemma 4. Every injinite subset of a metric space is an element of the class 
CDRSub(r, r). 
Several vertices in our diagram of classes arising from the selection operators are 
equal: 
Corollary 5. Sfi,(C A) = Ufh(C 0). 
Proof. It is evident that the left side of the equation is contained in the right. Now let 
X be a space belonging to the right side. Let (Z&: n = 1,2,3, , . .) be a sequence of 
y-covers of X. Apply Lemma 4, and find for each n a y-cover V, of X such that V, 
is a subset of U,, and such that for m # n, V, 17 V, is empty. Then, partition the set 
of positive integers into infinitely many pairwise disjoint infinite sets, Yt , Y2, Ys, . . . . For 
each n, apply the fact that X is in the class U,=,,(r, 0) to the sequence (Vm: m E Y,) 
of y-covers of X; let (.Tm: m E Y,) be the corresponding sequence of finite sets as in 
the definition of Us,(r, 0). Then for each n, UmCY, 37n is a cover for X. Since for 
distinct values of n these covers are disjoint from each other, we see that the sequence 
(&: n= 1,2,3,...) witnesses for the original sequence of y-covers that X belongs to 
Sfi”(C A). 0 
Using similar ideas, one proves 
Corollary 6. St (r, A) = Sl (r, 0). 
Also the classes Ss,(r, r) and St (r, r) are equal. This may at first glance seem 
obvious, but there are some subtleties involved in proving it. This is done in [12]. 
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Splittability 
The fact that an infinite set can always be partitioned into two disjoint sets, each having 
the same cardinality as the original set, is a consequence of the combinatorial fact stated 
at the introduction of the preceding paragraph. 
We need a topological analogue of this - that “big” open covers for certain spaces can 
be partitioned into many different open covers of that space. Notice that if X belongs to 
CDF&,(d, B), then every cover of X from A contains countably many disjoint covers 
from 13. It might sometimes happen that such a strong fact is not true, but that a weaker 
fact, which we introduce here, is true and sufficient. 
We shall say that A is B-splittable if: for every element A of A there are two disjoint 
elements of B, each a subset of A. The symbol Split(d, B) denotes this. 
Split(F, r) always holds. The operator Split(., .) will appear from time to time in this 
paper, and is explored in more detail in [ 121. 
3. Q-point-like schemas 
The next two schemas we describe are borrowed from the theory of ultrafilters on the 
set of positive integers. Recall that a free ultrafilter U on the set of positive integers is 
a Q-point if there is for each partition of the set of positive integers into disjoint finite 
subsets, a set in U which meets each of these finite sets in at most one point. Choquet 
calls these rare ultrafilters [3, Definition 71. 
The ultrafilter U is said to be a semi-Q-point if there is for every partition (P,: n = 
1,2,3, . . .) of the set of positive integers into disjoint finite sets, an element F of U such 
that for each n, F n P, has at most n elements. 
A set of positive integers is said to be 2-uncrowded if it does not contain two consec- 
utive integers. 
We shall say that the space belongs to the class: 
(1) Q(d,B) if: f or every open cover U from A, and for every partition of this cover 
into countably many disjoint nonempty finite sets 31, Fz, Fs, . . . , there is a subset V 
of U which is a cover of X that belongs to B, and which for each n has at most one 
element in common with .Fn. 
(2) sQ(d, B) if: f or every cover L4 from A and for every partition (Fn: n = 1,2,3, . . .) 
of U into nonempty pairwise disjoint finite sets, there is a subset V of 3 such that V is 
a cover of X which belongs to L?, and for each n, V n 3, has at most n elements. 
(3) Uncr(d, B) if: for every cover F from A, and for every partition (3,: n = 
1,2,3,...) 0f.F’ t m o nonempty finite pairwise disjoint sets, there is a 2-uncrowded set 2 
of positive integers and for each n in 2 there is a set F, in .Fn such that {F,: n E 2) 
is in 17. 
(4) wUncr(d,B) if: for every cover F from A, and for every partition (Fn: n = 
1,2,3, . . .) of 3 into nonempty finite pairwise disjoint sets, there is a 2-uncrowded set 
2 of positive integers such that UnEZ 3, is in B. 
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There is a useful game-theoretic way in which the property a(& /i) can be described. 
For U a large cover of X we define the following accept-reject game, AR(X, U): In the 
nth inning ONE first selects a set U, from U \ {Vi: i < n}; then TWO responds by 
either accepting U,, or by otherwise rejecting U,. Acceptance is indicated by choosing 
E, = 1, and rejection is indicated by choosing en = 0. Player ONE wins a play 
if either the set {n: E, = I} is finite, or else the set {Un: c, = 1) is a large cover of 
X. Otherwise. TWO wins. 
Theorem 7. For a subset X of the real line the following statements are equivalent: 
(1) X belongs to Uncr(n, A). 
(2) For every large cover U of X, TWO does not have a winning strategy in the game 
AR(X, U). 
(3) X belongs to the class Q(A, A). 
Proof. (1) + (2): Let X be a set which has the uncrowdedness property. Let U be an 
infinite large cover of X. Let (Un: n = 1,2,3,. . .) be a bijective enumeration of U. Let 
F be a strategy for TWO in the game AR(X). 
We claim first that we may assume: 
For every one-to-one jinite sequence o from U and for every k larger than any m for 
which U,,, is listed in u, there is a one-to-one sequence r from U such that: 
(1) k is less than any m for which U,, is listed in I-, and 
(2) for each n larger than any m for which U, is listed in r, we have 
F(o - 7- - (Un)) = 1. 
(Otherwise, ONE defeats F by forcing TWO to accept only finitely many U,.) 
Using the italicized remark above, select positive integers 
k, < k2 < . . . < k, < . ’ ’ 
such that: For every one-to-one sequence u of length < k, such that if U, is listed in 
u, then m < k,, there is a one-to-one sequence r such that if U, is listed in r, then 
k, < m < &+I, and for all j > k,+l , 
F(o - 7 ,--. (Uj)) = 1. 
Put U, = {Urn: m < ICI}, and for each n put L&+1 = {Urn: k, < m < k,+l}. This 
partitions U into finite nonempty sets. Since X has the uncrowdedness property, fix a 
2uncrowded infinite set Z of positive integers and for each n in Z a Vi,, in U, such that 
{Ui,,: n E 2) is a large cover of X. Enumerate 2 increasingly as (ni, n2, . . . , nk, . .). 
By dropping the first few elements of 2 if necessary, we may assume that i,, > k2. 
Choose ~1 a one-to-one sequence from U of length /cl such that each Vi listed in 
~1 has i < kl. Then fix ri, a one-to-one sequence such that if Vi is listed in 71, then 
ICI < i < k2. Now i,, is larger than k2, and so F(nl - 71 - (Ui,,)) = 1. 
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Now Q = ol - q - (Vi,,, ) is such that if Vi is listed in 61, then i f i,, < k,, + 1. 
Choose a one-to-one 72 such that if Vi is listed in 72, then k,,+i < i < kn,+2, and for 
all j 3 &,+z, F(c2 - 72 - (Uj)) = 1. Since Z is 2-uncrowded, i,, 2 lcn2+2, and so 
F(a2 - 72 - (Ui,, )) = 1. Put CQ = CQ - 72 - (U+ ), and repeat. We obtain 
g1 -T1-(Uin,)~72~(Uin*)nT~~..., 
a play of the game, and TWO accepted each c?LJ~,,~. 
(2) + (3): Let U be a large cover for X and let the sequence (Un: n = 1,2,3,. . .) 
be a partition of U into pairwise disjoint nonempty finite sets. Now assume that TWO 
does not have a winning strategy in the game AR(X,U). 
Consider the strategy for TWO which calls on TWO to accept only the first element 
from each U, that ONE presents, and to reject all other elements from the same L/n. 
Since each U, is a finite set and since ONE must present TWO with infinitely many 
distinct elements of U during a play of the game, it follows that during any play of the 
game TWO will accept infinitely many of the elements presented by ONE. However, 
since TWO does not have a winning strategy in the game, this means that there is a 
sequence of moves by ONE which ensures that the set of accepted elements is a large 
cover for X. Now this set of accepted elements contains no more than one element per 
U,. It follows that X has the property Q(A, A). 
(3) 3 (1): Consider a sequence (Un: n = 1,2,3,. . .) of finite sets whose union is a 
large cover of X. For each n put V, = Usn_2UUsn_r U&n. Then (Vn: n = 1,2,3,. . .) 
constitutes a partition of a large cover of X into pairwise disjoint finite sets. Since X has 
property Q(A, A), select from each V, a set such that the selected sets form a large cover 
of X. For each n let UTn-i, be the element selected from Vn; the subscript is chosen to 
correspond to the subscript of the L/j to which the set selected from V, belongs. Now 
it may happen that for some n we have i, = 0 and in+1 = 2, in which case the two 
selected elements are from adjacently indexed Urn’s, so that the selector obtained here 
is not from a 2-uncrowded set of indices. This is fixed by applying property Q(A, A) 
once more to a sequence of VVn’s, where each ?V, consists of either a single Uxn_i, not 
adjacently indexed to any other U3m_i, or else of two adjacently indexed U3n_i,‘~. The 
result now follows from the observation that no selector from this sequence contains a 
pair of adjacently indexed elements. 0 
We also consider an accept-reject game for Q(f2,L’): An w-covering U of X is given. 
In the nth inning ONE first selects an element, denoted U,, from U \ {Uj: j < n}. TWO 
responds by selecting E, E (0, 1). ONE wins the play 
Ul,El,..., UnrhL,... 
if either {n: E, = 1) is finite, or else {Un: E, = 1) is an w-cover of X. 
Let AR,(X,U) denote this game. Using the methods above one shows: 
Theorem 8. For X a set of real numbers, the following are equivalent: 
(1) X has property Q(.fl, 0). 
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(2)X hffs property Uncr(R,fQ 
(3) TWO does not have a winning strategy in the game AR,(X,U). 
3.1. P-point-like schemas 
The next schema is based on the notion of a P-point ultrafilter on the set of positive 
integers. Recall that a free ultrafilter U on the set of positive integers is a P-point if there 
is for every sequence Ut _> lJ2 > . . . 2 lJ, 2 . . . of elements of U, an element U of U 
such that for every n, U \ U,, is a finite set. 
By analogy we shall say that X belongs to P(d, B) if: for every sequence (I&: n = 
1,2,3,. . .) of covers from A such that for each n &+I C U,, there is a cover V in I3 
such that V C 2.41 and for each n V \ U, is jinite. As with the other operators we have 
introduced so far, P is antimonotonic in the first variable, and monotonic in the second. 
Theorem 9. Let X be a set of real numbers. Then: 
(1) For any collection A of open covers of X, &,(A, d) implies P(d, A). 
(2) For A any of 0, A or 0, P(d,d) implies Se,(d,d). 
Proof. To prove (2), proceed as follows: Let (a: n = 1,2,3,. . .) be a sequence of 
covers from class A. We may assume that each A is countable. For each n put 
Then the sequence (I&: n = 1,2,3,. . .) of open covers satisfies for each n l&+1 C U,. 
Note also that each U,, is still a member of A. 
Now apply the property P(d,d): we find a countable open subcover U of Ul of X 
such that for each n, V \ U, is finite. Enumerate V bijectively as (Ak: k = 1,2,3, . . .). 
For each k put Fk = {n: Ak E &}. If 4 is finite, let nk be its maximum element; 
otherwise, let nk be the least element of Fk which is larger than lc. Then the sequence 
(nk: Ic = 1,2,3, . . .) diverges to infinity. To see this, note that it suffices to show that if 
{k: Fk is finite} is an infinite set, then (nk: Fk is finite) diverges to infinity. 
But look, if there were an m and infinitely many k such that nk = m, then each of 
these infinitely many Ak would be an element of G,, and m would be the largest such 
index. This in turn implies that m is maximal such that each of these & is an element 
of l&. Then we have the contradiction that V \ Urn+1 is infinite. 
Finally, for each n put V, = {Ak: nk = n}. Then each V, is a finite subset of the 
corresponding g,, and W = U,“= L V,. 0 
It is not true that P(T, T) and Ss,(r, r) are equal. The reason for this is that every 
space has property P(r, r), while only some spaces have the Menger property, and so 
only some spaces have property Ss,(r, r). To see that every space has property P(r, r), 
notice that from a descending chain of y-covers we may select an element from each 
such that the selected elements are pairwise distinct. Since this set of selected elements 
is an infinite subset of the largest one of these y-covers, it is also a y-cover. 
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Simple considerations show that for 17 any one of the operators Q, sQ, Uncr, wUncr 
or P, and for the open covers we are interested in, the relevant relations are represented 
in the following diagram: 
fl(fl, r> - n(n, fl) -rr(Q,A) - fl(fi, 0) 
t t 
nv, A) -not 0) 
It is also clear that for nonempty families A and t3 of covers, one always has: 
SQL4 a) - Sub(d, Z?) 
4 4 
4. Schemas motivated by Ramsey theory 
Next we turn to Ramsey-theoretic ideas and we adapt some concepts from the theory 
of partition relations for cardinals [4, Section 151, and partition relations for ultrafilters [ 1, 
Section 21, to our present context. The main concept from Ramsey theory is the notion 
of an end-homogeneous set, and close variations of it. We adapt this for our special 
circumstances. 
Let S be a countably infinite set and let f : [S12 -+ (0, 1) be a function. Then a subset 
R of S is said to be 
(1) eventually end-homogeneous for f if there is a finite-to-one function 4: R + 
{1,2,3,. . .} such that for all U, w and w from R, if 4(u) + 1 < 4(w), d(w), then 
f({% w)) = f({u, WI); 
(2) end-homogeneousfor f if there is a one-to-one function 4 : R -+ { 1,2,3, . . .} such 
that for all U, v and w from R, if 4(u) + 1 < 4(v), 4(w), then f({u, w}) = f({~, w}); 
(3) eventually homogeneous for f if there is a finite-to-one function C$ : R + 
{ 1,2,3,. . .} and an i E (0, 1) such that for all u and z, from R, if $(u) # 4(w), 
then f({zl, w}) = i; 
(4) homogeneous for f if there is an i E (0, 1) such that for all u and ‘u from R, if 
u # V, then f({u,v}) = i. 
In our context, S and R are going to be open covers of X. It will also be necessary, 
in some cases, to put some restrictions on the function f. Let U be a cover for X which 
is a member of class A. We shall say that a function 
is an A coloring if: for each U in U, and for every cover V C U of X which is in A, 
there is an i in (0, 1) such that the set {V E V: f({u, V}) = i} is a cover in A of X. 
When A is A, then f is said to be a large coloring. 
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We shall say that a space X satisfies the partition relation 
A -+e (a); 
if: Whenever U is a cover of X in A, and f is a function in class !P from [U]” to (0, l}, 
then there is a subset V of U which is in B and which is eventually end-homogeneous 
with respect to f. 
For a space X the symbol 
denotes that for every cover M of X in A, and for every function f : [U]’ -+ (0, l} in 
class !P there is a subset V of U which is in B and which is end-homogeneous for f. 
We shall say that a space X satisfies the partition relation 
if: Whenever LI is a cover in A for X, and f : [U12 -+ (0, 1) is a function in class 9, then 
there is a subset V of U which is in the class B, and which is eventually homogeneous 
for f. 
The space X satisfies the partition relation 
if: For every cover 24 of X in the class A, and for every function f in class !P from [Z# 
to (0, l}, there is a subset V of U which is homogeneous for f. 
In all the notation above, if there is no restriction on the coloring f, then we omit the 
subscript 9. 
Next we discuss a fact about S,(L?, 0) which will be of use when we treat SI (f2, 6’). 
Theorem 10. If a space X satisfies Shn(R, fl), then it satisfies the partition relation 
0 + [.f#. 
Proof. Let (Un: n = 1,2,3,. . . ) bijectively enumerate an w-cover U of the Ss,(0,0)- 
set X. Let f : [U]’ + (0, 1) b e a g iven coloring. Then choose a sequence ((I&, i,): n = 
1,2,3 . . .) such that: 
(1) 241 is an w-subcover of U such that for each V E UI , f( { UI , V}) = il. 
(2) UT&+1 is an w-subcover of U, such that for each V in &+I, f({Un+l, V}) = &+I. 
Since X is a Ss,(0, a)-set, select from each U, a finite set V, such that U,“=, V, 
is an w-cover of X. We may assume that there is a fixed i E (0, 1) such that for each 
U, in this latter union we have i, = i. We may also assume that the Vn’s are pairwise 
disjoint. 
Define ICI < k2 < . .a < k,, < . .+ such that for each n, if Vi is in V,, then i 6 k,. 
Then choose a sequence Cr < !2 < . . . < C, < . . . of positive integers such that: 
(1) for each j 9 Ci Vj C uk,, and 
(2) for each j > !,+I, Vj C I,&, . 
For each n put ‘P, = Ue,Gj<e,+, Vj. Then the sequence (P,: n = 1,2,3,. . .) is a 
partition of an w-cover of X into pairwise disjoint nonempty finite sets. Then one of the 
M. Scheepers / Topology and its Applications 69 (1996) 31-62 43 
sets Ur=, Pzn or Ur=, 7Jzn-i is an w-cover of X. We may assume that the former is 
an w-cover for X. For a set V in this cover, define Q(V) to be n if, and only if, V is an 
element of ?z~. Then @ is finite-to-one and for all V and W from this cover for which 
G(V) # Q(W), we have f({V, W}) = i. •I 
Problem 1. Is the converse of Theorem 10 true?’ 
5. The Menger property 
In his 1924 paper [ 151, Menger introduced a topological notion which is appropriately 
called the Menger property in [5]. A space X is said to have the Menger property 
if for every sequence (Z&: n = 1,2,3,. . .) of open covers of X there is a sequence 
(Vn: n = 1,2,3,. . .) such that for each n, V, is a finite subset of U,, and such that 
U,“=, V, is a cover of X. Strictly speaking this is not Menger’s original definition. This 
is a reformulation given in 1925 by Hurewicz [ 101, who pointed out that for metric spaces 
(the original context of Menger’s paper) this property is equivalent to the one introduced 
by Menger. In our notation the metric spaces having Menger’s property are exactly the 
members of the class Sh,(O, 0). 
If a topological space has the Menger property, then it has the well-known Lindeliif 
property: every open cover of the space contains a countable subset which still is a cover 
for the space. In our notation, 
Sfi,(o, 0) C Sub(O, K). 
Using this and other elementary facts one sees that the following classes of metric spaces 
are equal: 
Proposition 11. For Lindebf spaces, Sh,,(O, 0) = Ut=,,(T, 0). 
Proof. Let X be a set in Us,(r, 0). Then let (Z&: n = 1,2,3, . . .) be a sequence of open 
covers of X. We may assume that X is not compact. We may also assume that each U, 
is countably infinite and no finite subset covers X. For each n let (Up: k = 1,2,3, . . .) 
enumerate U, bijectively. Then let W, be the collection whose mth member is UT= 1 UC. 
Then each W, is a y-cover of X. Now apply the fact that X is a member of Uhn(F, 0) 
to choose from each W, a finite set S, such that lJz=‘=, S, is an open cover of X. Now 
disassembling the members of each S,, we find for each n a finite subset U, of 24, such 
that Ur=, V, is a cover of X. 0 
Hurewicz discovered a very useful description of spaces which have the Menger prop- 
erty. This description is given most economically in the language of game theory. Let X 
be a topological space. Players ONE and TWO play the following infinitely long game: 
’ The answer is “yes”, and is proven in [12]. 
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They play an inning for each positive integer. In the nth inning ONE? chooses an open 
cover U,, of X; TWO responds by selecting a finite subset V, of 24,. TWO wins the 
play 
of this game if U,“=, V, is a cover of X. We shall call this game the Menger game; it 
is denoted Menger(X). 
There is an easy observation about winning strategies for ONE in the Menger game 
which makes the treatment of matters concerning this game a little easier: 
Lemma 12. If ONE has a winning strategy in Menger(X), then ONE has a winning 
strategy F which has the property that for every finite sequence (VI,. . , Vn) of finite 
collections of open sets, every element of F(VI, . . . , Vn) contains the union of the sets 
in VI U...UV,. 
We may further also assume that the covers played by ONE are always increasing 
chains of open sets; this is because TWO is allowed to pick finite subsets each inning, 
and not the individually chosen sets, but their unions determine the outcome of the game. 
Theorem 13. For a set X of real numbers the following are equivalent: 
(1) X has the Mengerproperty. 
(2) ONE does not have a winning strategy in the game Menger(X). 
(3) X has property P(0, 0). 
(4) X has property P(A, 6.4). 
(5) X sati@es the partition relation A ~-4 (SA)$. 
Proof. (1) =S (2): This is Theorem 10 of [IO]. Since this theorem of Hurewicz is not as 
well known as it deserves to be we give a fairly complete outline of Hurewicz’s proof 
of it here. 
Let F be a strategy for ONE. Then we may assume that F(X), the first move of 
ONE according to the strategy F, is an ascending w-chain of open sets covering X, 
say F(X) = (U(,): n = 1,2,3,. . .), listed in c-increasing order. Then, for each n, list 
F(Uc,)) in C-increasing order as (U(,,,): m = 1,2,3,. . .), and so on. Supposing that 
U, has been defined for all finite sequences r of length at most k of positive integers, 
we now define for each (nr , . . . , nk): 
W(n,), . . . , v(, ,,..., n,)) = W(, ,,..., nk,m): m = 1,2,3,. . .b 
Then the family 
(UT: r a finite sequence of positive integers) 
has the following properties for each Q-: 
(1) If m is less than n, then UT_+) is a subset of UT_(n). 
(2) For each n, U, G UT,(n). 
(3) {UT_.,,): n a positive integer} is an open cover of X. 
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Now we define for each n and Ic: 
u/y = %) 
ifn= 1, 
(n{&_(k): 7 6 “-‘w}) n UL-’ otherwise. 
One then shows that for each n the set {UC: k = 1,2,3,. . .}, denoted U,, is an open 
cover of X. An important part of this argument is to first show (by induction) that for 
each (ir, . , in) such that max{il, . . . , in} 2 k one has C$’ C_ U(i ,,,.,, in). It then follows 
that each UC is an intersection ofjnitely many open sets, and thus itself open. Next one 
shows (again by induction) that for each n the set (VT: length(r) = n} is a y-cover of 
X. 
Now observe that by its very definition each U,, is an increasing chain of open sets. 
Finally, before applying the fact that X has Menger’s property, one verifies by induction 
that each U,, is indeed a cover of X. 
Now apply the fact that X has the Menger property, Ss,(O, 0); we find a function 
f from the set of positive integers to the set of positive integers such that {UTclz,: n = 
1,2,3,. . _} is an open cover of X. But look, for each n we have 
Then the sequence (U(,(i)), . . . ,U(f(l) ,..., fen)), . . .) is a sequence of moves by TWO 
which defeats F. 
(2) * (3): Let IAl > U2 2 ... be a descending sequence of open covers of X. We 
may assume that all the inclusions are proper. Now define a strategy F for ONE in 
Menger(X) as follows: 
F(X) = U, is ONE’s first move. Now let (Vt , . . . , Vn) be a finite sequence of finite 
subsets of Ul. Then let m be minimal such that m > 1111 U . . U V,l, and such that 
Lf, n (VI u . . u Vn) = (nj”=, Uj) n (VI u.. . u Vn). Define: F(U1,. . . , Vn) = U,. 
Then F is a legitimate strategy for ONE. But since ONE has no winning strategy in 
the game Menger(X), we see that there is a play against F which defeats it. Let 
be such a play. From the definition of F we see that for each n there are only finitely 
many m such that V, is not a subset of U,. If we let U be the set Uz=, V,, then for 
each n we have U \?A, is a finite set. Moreover, since TWO won this play of the game, 
U is also a cover of X. 
(3) + (4): Let (Un: n = 1,2,3,. . .) be a descending sequence of large covers of X. 
Since X has the P-point property, we find a cover V of X such that for each n the set 
U \ U,, is finite. If V is a densely large cover of X we are done. So, we may suppose 
that V is not a densely large cover of X. 
Let D be a countable dense subset of X. Let E be the set of points of D at which V 
is not large - thus, for every e E E the set {V E V: e E V} is finite. Let (e,: n = 
1,2,3, . .) enumerate the elements of E in such a way that each element is listed infinitely 
many times. 
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Let (Y,: n = 1,2,3 , . . .) be a partition of the set of positive integers into pairwise 
disjoint infinite subsets. For each m in Y, let Sm(e,) be the set of elements of Z& \ V 
which contain e,. Then each &(e,) is an infinite set. Choose sets U, from .?&(e,) 
such that for each m we have U, # {Vi: i < m}. Then finally put U = U u (Un: n = 
1,2,3,. . .}. We see that U is a cover of X which is Iarge at the dense set L). 
(4) + (5): Let X be a set having the P-point property for large covers. Let U be a 
large cover for X and let f : [L/J2 -+ (0, 1) be a large coloring. We may assume that U 
is countably infinite. Let (Un: n = 1,2,3, . . .) be a bijective enumeration of U. Then 
choose a sequence ((U,, in): n = 1,2,3,. I .) such that: 
(1) UI is a large subcover of U such that for each V E l/l, f({U, , V}) = il, 
(2) ,?&+I is a large subcover of U, such that for each V E &+I we have 
f({Un+l, V)) = &x+1. 
Since X has the P-point property for large covers we select a densely large open cover 
V of X such that for each n we have: V \ U, is a finite set. For each n we define 
v, = v \ (z& u {vi: i < n}). 
Define a sequence ICI < k2 < ‘. . < k, < . ’ . of positive integers such that for each n, 
if Vi is an element of V,, then i < k,. Then choose a sequence !?I < e, < . . . < l, < . . . 
of positive integers such that: 
(1) for each j > cl, Vj C Uk, , and 
(2) for each j 2 em+l, Vj c ukc,. 
For each nput P, = Ue,gj<e,+, Vj. Then the sequence (P,: n = 1,2,3,...) parti- 
tions the densely large cover W = lJr_‘=, V, of X into pairwise disjoint nonempty finite 
sets. Define the function @: W -+ w such that G(U) = n whenever U E P,. Then @ 
is finite-to-one and if W and 2 are elements of W such that @p(V) + 1 < @(W),@(Z), 
then f(UJ, W)) = f(N 2)). 
(5) + (1): Let (Un: n = 1,2,3,. . .) be a sequence of open covers of X. By appro- 
priately refining each we may assume that each is a locally finite cover of X and that for 
all distinct m and n we have U, 1324, = 0. Then the cover U which is the union of the 
Z&‘s, is a large cover of X. Moreover, the function f : [U12 + (0, 1) which is defined 
so that f({U, V}) = 1 f, i and only if, U and V do not belong to the same one of the 
sets U,. Then f is a large coloring. 
Let V c U be a densely large cover of X which is eventually end-homogeneous for f. 
Let 9 : V + w be a finite-to-one function such that for all U, V and W from V such that 
9(U) + 1 < p(V), I implies that f({U, V}) = f({U, W}). Thus, for each U, for 
all but finitely many V and W we have f({ U, V}) = f({U, W}). But a densely large 
set is infinite, and cannot have all its members in a locally finite family. This implies that 
for each U in V, all but finitely many of the elements of V are in &‘s different from 
the one to which U belongs. This in turn implies that for each n, V n U, is finite. For 
each n put V, = V nZ&. Then the sequence (Un: n = 1,2,3,. . .) witnesses the Menger 
property of X for the sequence (&: n = 1,2,3,. . .) of covers of X. 0 
It is shown in [ 121 that the Menger property and the property Split(A, A) are incom- 
parable. 
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6. A schema motivated by the notion of a semiselective ultrafilter 
According to Kunen [13, p. 3871, a free ultrafilter on the set of positive integers is 
semiselective if for every sequence (Un: n = 1,2,3, . .) of elements of the ultrafilter, 
there is a sequence (zn: n = 1,2,3,. . .) of positive integers such that for each n z, is 
an element of U,, and {z,: n = 1,2,3,. . .} is an element of the ultrafilter. It is well 
known that an ultrafilter on the positive integer is semiselective if, and only if, it is both 
a P-point ultratilter and a semi-Q-point ultrafilter. The mere definition of the classes 
Si (A, d) shows strong analogies with that of a semiselective ultratilter. 
Closely related to the notion of a semiselective ultrafilter is the notion of a selective 
ultrafilter: given a sequence (X,: n < w) of pairwise disjoint nonempty subsets of w 
such that none is in the ultrafilter but the union is in the ultrafilter, there exists a sequence 
(x 71: n < w) of elements of w such that {z,: n < w} is in the ultrafilter, and such that 
for each n, Z, E X, (see for example Definition 1.7 of Grigorieff’s paper [9], or the 
definition near the bottom of p. 386 of Kunen’s paper [13]). 
It is known that every selective ultrafilter is also semiselective, while the converse is 
not provable: Using the Continuum Hypothesis one can construct semiselective ultrafilters 
which are not selective. While there is this subtle difference of the two concepts in the 
context of free ultrafilters on the set of positive integers, the analogous concepts in our 
context coincide; we give a proof here for one of the classes of sets we consider, while 
for a second one this will have to wait for [ 121. 
Rothberger ‘s property C” 
In his 1938 paper [ 181 Rothberger introduced the notion of a C”-set: a subset X of a 
space has property C” if for every sequence (Un: n < w) of open covers of X, there is a 
sequence (Un: n < w) such that for each n < w, U,, E Lfn, and such that {Un: n < w} 
is a cover for X. In our notation this says that X is a member of the class Si (0,O). 
There is a clear analogy between the definitions of C” and the notion of a semiselective 
ultrafilter. We shall find characterizations for C”-sets which are analogous to known 
characterizations for selective ultrafilters, thus showing that in this context “selective” is 
“semiselective”. The following infinite game is an important tool in our study: 
Two players named ONE and TWO play a game of length w as follows: In the nth 
inning ONE chooses a countable open cover U, of our metric space X, and TWO 
responds by choosing U, E IA,. TWO wins a play 
of the game if {Un: n = 1,2,3,. . .} is a cover for X; otherwise ONE wins. 
We shall call this game the Rothberger game because of its obvious connection with 
the Rothberger property C”; the symbol Rothberger(X) denotes this game on X. The 
game was introduced by Galvin in his paper [6]. In [17], Pawlikowski proved: 
Theorem 14 (Pawlikowski). For a subset X of a metric space, the following are equiv- 
alent: 
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( 1) X has Rothberger S property Cl’. 
(2) ONE does not have a winning strategy in Rothberger(X). 
Indeed, one can show that if ONE is required to choose a large cover of X each 
inning, and if TWO wins only if the collection of sets chosen by TWO is a large cover 
of X, then the analogue of Pawlikowski’s theorem holds. We shall use this fact below. 
The following few facts about large covers and the Rothberger property will be useful 
in what follows: 
Theorem 15. LRt X be a C”-set. If i21 and l.4. are large covers of X, then there are 
large covers VI and Vz of X such that VI n V2 = 0, VI c 24 and V2 c L/z. 
Proof. Let Ul and 242 be given large covers of X. Define covers Wi, W2,. . . , W,, . . . 
as follows for each k: 
M&-I = {AI fl...flA2k_1: AI,...,A~~-I EUI and 
I{A,... ,A2k-1)1 = 2k - 11, 
and 
M& = {Al n .a * II Az~: AI,. . . , Azk E 2.l~ and [{AI,. . . , Azk}J = 2k). 
Then, as X is a C/‘-set, we choose for each k a Wk from Wr, such that there are for 
each 2 infinitely many k such that 2 is in l&‘zk and there are infinitely many e such that 
P is in k&-l. 
For each k, write Wk = A! n. . .nAE, where the sets A:, . . . , AL are pairwise distinct. 
Then choose sets &, . . . , Sk,. . . and 7’1,. . , i”k, . . . so that 
(1) SI = A;, 
(2) TI E {A:, A$) \ @I), 
(3) & E {Afk-‘, . . . ,&,kZ;} \ {&, . . . ,&_I,Tl,. . . ,&I}, and 
(4) Tk E {A:“, . . . , A$} \ (5’1, . . . , Sk, Tl, . . . , Tk-1 }, for each k. 
Then put VI = {Sn: n = 1,2,3,. . .} and put V2 = (Tn: n = 1,2,3,. . .}. We see that 
Vl n V2 = 0 and VI c UI, and Vz c U2 are large covers of X. 0 
In particular if X is a C/‘-set, then every large cover U of X can be partitioned into 
two disjoint large covers of X; thus every large cover of a C/‘-set can be partitioned into 
countably many disjoint large covers. 
The technique of the proof of Theorem 15 can be used to show that for every sequence 
(Un: n = 1,2,3,. . .) of large covers of X, there is a sequence (Un: n = 1,2,3,. . .) 
such that for each n, U,, E U,, and such that {Un: n = 1,2,3,. . .} is a large cover of 
X. This can also be deduced from the following theorem. 
Theorem 16. Let X be a P-set. Then X belongs to the class CDRs&(A, A). 
Proof. Let X be a set having property C” and let (Z&: n = 1,2,3,. . .) be a sequence 
of large covers of X. Now define an w x w matrix (VE: m, n = 1,2,3.. .) of large 
covers of X such that 
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(1) for each n, (Z&,V~,V~, . . .) is a descending sequence of large covers of X and 
(2) for each n, and for distinct i, j < n, VA f’ Vi = 0. 
For this we use Theorem 15 repeatedly. Then, use the fact that X is a C”-set to choose 
for each n a sequence (Vz: m = 1,2,3,. . .) such that for each m V$ is an element of 
V$,andsuchthatVz={Vg: m= 1,2,3,. . .} is a large cover of X. Then the sequence 
(Vz: n = 1,2,3,. . .) has the property that for n,m distinct, IV; n Vk\ < max(m,n}. 
Putv~=V;\(V;u4Jv;_,). 0 
Theorem 17. For a set X of real numbers, the following are equivalent: 
(1) X belongs to SI (c3,O). 
(2) X belongs to Sl(A, A). 
(3) X belongs to SI (0,O). 
Proof. First we see that (1) implies (2). Let (Un: n = 1,2,3, . .) be a sequence of 
large covers of X. By Theorem 16 we select first from each U, a large cover V, c Un 
such that for m # n, the sets V, and V, are disjoint. Then let (Yn: n = 1,2,3, . . .) 
be a partition of the set of positive integers into infinitely many infinite pairwise disjoint 
subsets. Apply the fact that X is in S,(C), 0) to each of the sequences (Vn: n E Y,) 
of open covers of X. For each m we find a sequence (Un: n E Ym) such that for 
each n in Y, U, is an element of V,, and {Un: n E Y,} is a cover for X. But then 
(U,,: n= 1,2,3,...) constitutes a large cover of X. 
It is clear that (2) implies (3). 
(3) * (1): Let (Un: n = 1,2,3,. . .) be a sequence of covers of X. Let (Y,: n = 
1,2,3,. . .) be a pairwise disjoint sequence of infinite sets of positive integers whose 
union is the set of positive integers. For each n define W, to be the set whose elements 
are of the form 
where k is any positive integer and nl < n2 < ’ . . < nk are elements of Y,, and each 
CT,, is an element of L&. We may assume X is in no W,. 
Then each W, is an w-cover of X. Now apply the fact that X is in St (0, O), and 
choose for each n a W, from W, such that the set {W,: n = 1,2,3, . . .} is a cover 
for X. For each n choose a sequence i7 < . . < irn and Ui: from IAi; such that 
IVn=Ui;U.“UUiLn. 
Then the sequence (vi;, . . , Ui:, , Ui:, . . . , Viz , . . .) already covers X and can be 
augmented to a sequence which contains one set ?rom each U,. 0 
Thus, the following classes are equal: SI (0, O), SI (A, O), &(A, A), S,(fl, A), and 
Sl (fl, 0). 
Let (Un: n = 1,2,3 , . . .) be a bijective enumeration for a large cover U of X. A binary 
relation R on the set of positive integers is said to be U-compatible for this enumeration 
if for each n the set {Urn: (n, m) E R} is a large cover of X. 
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Theorem 18. For a set X of real numbers the following are equivalent: 
(1) X has Rothberger’s property C”. 
(2) For every bijective enumeration (Un: n = 1,2,3,. . .) of a large cover U of X 
and for every binary relation R which is U-compatible for this enumeration, there exists 
a sequence 
k, < kz < . . . < k, < . ‘. 
of positive integers such that for each n we have (kn, k,+t ) E R, and such that 
{Uk,: n=1,2,3,...}isalargecoverforX. 
(3) For every sequence (Z&: n = 1,2,3,. . .) of large covers of X and for every 
bijective enumeration (Un: n = 1,2,3,. . .) of U,“==, U,, there is an increasing function 
g from the set of positive integers to the set of positive integers such that for each n, 
U,(,+r) E U,(,), and the set {Vet,): n = 1,2,3,. . .} is a large coverfor X. 
Proof. (1) + (2): We use Pawlikowski’s theorem. Let U be a large cover of X and 
let (Un: n = 1,2,3,. . .) be a bijective enumeration of X. Let R be a binary relation 
which is U-compatible for this enumeration. Consider the following strategy of ONE in 
the Rothberger game: 
In the first inning ONE chooses F(X) = U. Let U, be selected by TWO. Then we 
put F(Un) = (Urn: m > n and (n, m) E R}. Now let Vi,, . . . , U,, be a sequence of 
elements of U. Then ONE’s move is 
F(Ui, 1. . . , Vi,) = {Urn: m > max{ir, . . . , in} and (in, m) E R} 
By (1) and Pawlikowski’s theorem, this strategy is not a winning strategy for ONE. 
Consider an F-play which is lost by ONE, say 
Then by the definition of F we have (2). 
(2) + (3): Let (Un: n = 1,2,3,. . .) be a sequence of large covers of X and let 
(Un: n = 1,2,3,. . .) be a bijective enumeration of U = U,“=, tr,. For each n and 
m, define (n,m) E R if n < m and U, E U,. Then R is U-compatible for this 
enumeration of U. Apply (2) to find an increasing sequence ICI < k2 < . . . < k, < 
of positive integers such that for each n we have (k,, k,+l) E R, and such that 
&, : n = 1,2,3,. . .} is a large cover of X. From the definition of R we see that for 
each n, uk,,+, E Uk,. Now for each n we let g(n) be k,. 
(3) * (1): This implication is easy. 0 
Theorem 19. Let X be a set of real numbers. Then the following are equivalent: 
(1) X has Rothberger’s property C”. 
(2) X satisfies A +A ((A));. 
(3) X satisfies fl 34 (A, not point-finite)~. 
(4) For every large cover U of X and for every partition (Vn: n = 1,2,3,. . .) of U 
where each V, is nonempty and point-finite, there is a sequence (Vn: n = I, 2,3,. . .) of 
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elements of IA such that for each n V,, is in V,, and such that {I&: n = 1,2,3, . .} is 
a large cover for X. 
(5) For every large cover L4 of X and for every function f : U -+ w, either there is a 
large cover V C U on which f is one-to-one, or else there is a family W C U which is 
not point-jinite with respect to X, on which f is constant. 
Proof. (1) + (2): We use Pawlikowski’s theorem. Let U be a large cover of X and let 
@ : [U12 + (0, 1) be a large coloring. Let (Un: n = 1,2,3, . . .) be a bijective enumeration 
of u. 
Define a strategy F for ONE in the Rothberger game as follows: 
F(X) = U. For each n, define F(U,) as follows: Choose an i, such that 
{V: @({&x7 V)) = in) is a large cover for X and put F(U,) = {V E U: @({Un, V}) = 
in}. Let (nr , . . . , nk) be given and suppose that F(Un,, . . . , Unl,) and (in,, . . . , i, ,,..., n,) 
have already been defined and that F(U,, , . . , Unl,) is a large cover of X such that for 
every V in this large cover and for 1 < j < Ic we have @( { Unj, V}) = i,, ,...,n3. 
Then, for every m choose i, ,,,.., nh,m such that the set {Us E F(U,,, . . ,Unk): s > 
m and @({Unl., Us>) = in ,,..., nkrm } is a large cover of X, and let F(U,, , . . . , U,, , Urn) 
be this set. 
Then F is a strategy for ONE! in the Rothberger game. Since we are assuming that X 
has property C”, this is not a winning strategy for ONE. Consider a play 
which is lost by ONE. Then V = {Un,: m = 1,2,3, . .} is a large cover of X. By the 
definition of F we also see that n1 < n2 < . . . < nk < . . ., and that for each k, for all 
m > k, we have 
Define 4:V -+ {1,2,3,...} such that 4(V) = k if, and only if, V = U,,. We see that 
V is end-homogeneous with respect to Cp, 
(2) j. (3): Let U be a large cover of X and let @: [U12 + (0, 1) be a large coloring 
of U. Choose a large subcover V of U which is end-homogeneous with respect to Qi. 
Let q5 :V -+ w be a one-to-one function and for each V in V, let iv E (0, 1) be such 
that for each W with 4(V) < qb(W) we have @({V, W}) = iv. Look at the set of V in 
V for which iv is 1. If this set is not point-finite, then we have the second option. If this 
set is point-finite, then its complement is a large cover of X and is a O-homogeneous et. 
(3) + (4): Let U be a large cover of X and let (Vn: n = 1,2,3,. . .) be a partition 
of U into nonempty point-finite families. Define a coloring @ : [U12 -+ (0, 1) as follows: 
0 
@({U, V)) = 
if for each n, j{V, W} II V,l < 1, 
1 otherwise. 
Then by (3) either there is a l-homogeneous set which is not point-finite, or else there 
is a large cover V c U which is O-homogeneous. But since each V, is point-finite, the 
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definition of @ implies that there is a l-homogeneous large cover of X. Now such a 
cover has at most one element from each V,. 
(4) + (5): Let U be a large cover of X and let f : U + w be a function. For each 
n in the range of f, put V, = {V E U: f(V) = n}. If there is an n for which V, is 
not point-finite with respect to X, then we have found a set on which f is constant, and 
which is not point-finite with respect to X. Otherwise, each V, is a point-finite family 
and we apply (4) to find for each n a V, in V, such that {Vn: n = 1,2,3, . . .} is a large 
cover for X. But then this is a large cover of X on which f is one-to-one. 
(5) * (1): Let (Z&: n = 1,2,3. . .) be a sequence of open covers of X. For each 
n let W, be a locally finite open refinement of U, such that W, fl W, = 8 whenever 
m # n. 
Define f :IA -+ w so that f(U) = n if, and only if, U is a member of W,. Since 
each W, is locally finite, we see that there is a large cover of X on which f is one- 
to-one. But then this cover has at most one point in common with each W,. We find 
a sequence (Un: n = 1,2,3,. . .) such that for each n, U, is an element of Z&, and 
{Un: n = 1,2,3,. ..}isacoverofX. 0 
Corollary 20. If X has property Sl(O, 0) then it has property Q(n, .4). 
Proof. This follows from (4) of Theorem 19. •I 
Consequently, Si (8,O) = P(A, A) n Q(A, A). 
S*(fl, fin)-sets 
Lemma 21. IfX has property SI (0, fl), then X has property CDi&b(fl, 6’). 
Proof. Let (Un: n = 1,2,3,. . .) be a sequence of w-covers of X. For each n let V, 
consist of sets of the form 
fi (‘+“.~(+U;), 
where for each n: 
(1) Uj # l_Jj: whenever (i, j) # (i’,j’), and 
(2) for each i and j, Uj is in L/i. 
Then each V, is an w-cover of X. Since X has property St (0, fl), we find a sequence 
vj,v* ,...) v, )..’ such that for each n, V, is in V,, and such that {V,: n = 1,2,3, . . .} 
is an w-cover of X. 
Now we write for each n 
v, = fi 
i=l ( 
1+2+~..+n+(n+l) 
n 
u; 
j=l ) 
Foreachnandforeachi~nchoosej~in{1,2,...,1+2+~~~+n+(n+l)}such 
that: 
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(1) if i and t are distinct then Ujk and Uj; are distinct, and 
(2) if t and n are distinct then U$k and l_J3?J are distinct. 
’ This is done inductively, starting with j, = 1, and noting that when we are about to 
select $+, , we have already selected 1 + 2 + . . . + n + (i - 1) sets U$, t 6 n and 
t < T < n, and sets U! 3L+r for t < i, and we now have 1 + 2 + . . . + n + (n + 1) sets, 
{U,z: 1 <j < 1+... +n+ (n-t 1)) from which to select U!, 
&a+1 
. At least (n + 1) -i of 
these are distinct from every set selected so far. Let jk,, be a subscript for one of these 
sets. 
FinallyweputW,={Ujn;: k=n+l,n+2,n+3,...}.Sinceforeachnandfor 
each i 6 n we have V, E 17;: we see that each W, is an w-cover of X, is a subset of 
Un, and is disjoint from VVr, whenever k and n are distinct. 0 
Corollary 22. Every set in Sl(J-2, 0) is dso in Split(f2, 0). 
Theorem 23. For subsets of the real line, S,(fl, L’) = P(L), 6’) n SQ(fi’, 6’). 
Proof. First, we show that the collection on the left of the equation is contained in the 
collection on the right. It is clear that Sl(L?, 0) C_ P(fi, 0). Thus, let U be an w-cover 
for X and let (P,: n = 1,2,3,. . .) be a partition of this cover into pairwise disjoint 
nonempty finite sets. 
Using Lemma 21 we first find a partition (Z&: n = 1,2,3, . . .) of Lf into pairwise 
disjoint w-covers of X. Observe that each Pk has nonempty intersection with at most 
finitely many of the SetS u,. Thus, choose pOSitbe intege.rS 121 < n2 < . . . < nk < . . . 
such that for each k we have U,, fl (PI U . . . U pk) = 0. Then the sequence (I.&,: k = 
1,2,3,...) is a sequence of w-covers of X. Since X is a member of SI (0, h’), we select 
from each L& an element vk such that the set V = {vk: k = 1,2,3, . . .} is an w-cover 
of X. Notice that for each k we have IV fl ?,I f k. Thus, V is the desired w-cover of 
X. This shows that also Sl(fl, L?) C sQ(L?, 6’). 
Next we show that the collection on the right of the equality sign of the theorem 
is also contained in the collection on the left. This will complete the proof. Thus, let 
(Z&: n = 1,2,3,. . .) be a sequence of w-covers of X. 
Let (In: n = 1,2,3,. . .) be a partition of the set of positive integers into disjoint 
finite sets such that for each n 1n has n elements. For each m let W, consist of all 
nonempty sets of the form Vi, n . . n Vi,,, where for each j, ij is an element of 1j and 
Ui, is an element of Uij. Now as X is a member of P(f2, L’), fix for each n a finite 
set V, c W, such that lJr=‘=, V, is an w-cover of X. We may assume that the Vn’s 
are pairwise disjoint, for if they were not we could replace them with sets 2, where 
21 = VI and for each n > 1, 2, = V, \ (VI U.. . U V,_l). 
Thus, the sequence (Vn: n = 1,2,3,. .) is a partition of an w-cover of X into pairwise 
disjoint finite sets. Since by hypothesis X also belongs to the class sQ(~, fi), we select 
for each n a set ‘P, C V, such that P, has at most n points, and lJr=‘=, P, is an w-cover 
for X. 
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Now for each n we may assume that P, has n elements, say {Sr, . . . , 57;) (when a 
P, has fewer elements, what we are going to do will be even easier to do). Fix n and 
for each i write 5’; = U: rl-. . fl Usi where each pi is an element of I, and U; is an 
3 
element of Up;. Then put l_J,i = U$ , an element of U,i . It contains Si. 
The sequence (Up!: i E ‘I,,, n ‘= 1,2,3, . . .) is ah w-cover of X, and it can be I 
augmented to a sequence which would still be an w-cover for X, and which witnesses 
membership of X to the collection Si (0,fi) for the given sequence of w-covers of 
x. 0 
By our preceding theorem, 
P(0,0) n Q(f-2, Ii’) = Q(f2,O) n S, (0, f-2). 
In the following theorem we use this observation to characterize the property of belonging 
to Q(6?, 6’) n S~(fif, 0) by a Ramseyan theorem. In [ 121 we shall show that Si (a, 0) C 
Q(0,0); this means that the property E$(fi’, 6’) is really the one characterized by the 
Ramseyan property below. 
Theorem 24. For a set X of real numbers the following are equivalent: 
(1) For every positive integer k, 52 -+ (0);. 
(2) X is in Q(L), 0) n P(fl, 0). 
Proof. (1) + (2): Let U be an w-cover for X and let (U,: n = 1,2,3, . . .) be a partition 
of it into nonempty finite sets. Define a coloring @i : [U12 -+ (0, 1) such that for {A, B} 
in [U12 we have 
@I ({A, W) = 
0 if there is an n such that A, B E Z-d,, 
1 otherwise. 
Apply (1) to find an i and an w-subcover V of U which is i-homogeneous for @I. Since 
each 24, is finite, i cannot be 0. Thus i is 1 and we see that for each n V and U, have 
at most one common element. This establishes that X is in Q(0, 0). 
Next we show that if X satisfies the partition relation, then it is in the class P(fi’, 0). 
Thus, consider a descending chain Ui 1 U2 > . . . > 24, > . . . of w-covers of X. We 
seek an w-cover V of X such that for each n the set V \ U, is finite. 
For each n put R, = V, \ V,+l. There are two cases to consider. The first case is 
that only finitely many of the R,‘s are w-covers of X. Then we let no be the largest n 
for which this is the case, and we define a coloring 
f : [u7,“+1]* + {O, 11 
so that for {U, V} in [Uno+l]2r we put f({U, V}) = 0 if U and V are in the same R, 
for an n 2 no + 1; else we set f({V, V}) = 1. By the partition property we find an 
w-cover V of X such that V is homogeneous of color 1 for f, and for every n 2 no + 1, 
V \ U, is finite. 
M. Scheepers / Topology und its Applications 69 (1996) 31-62 55 
The second case is when for infinitely many n, 72, is an w-cover of X. In this case 
we shall show that we can find an w-cover of X which is in the union of these R,‘s, 
and which meets each in a finite set. Thus, we may as well assume that the original 
sequence of w-covers consists of covers which are disjoint from each other. Enumerate 
each of these bijectively such that U, is listed as (~7,“: 5 = 1,2,3, . . .). 
Define an w-cover U so that its elements are of the form Ut n lJem where n + k < m. 
Then define a coloring 
f : [U]” -+ (0, 1) 
so that for {U, V} E [L/l2 we have f({U, V}) = 0 if U and V can be represented 
respectively as Ule”,’ n Uz’ and U”’ n Uz, where 7x1 + kl = n2 + k2. h 
Otherwise, we set f({U, V}) = 1. By the partition hypothesis we find an w-cover 
U c U such that V is homogeneous for the coloring f. We claim that V is homogeneous 
of color 1. To see that it cannot be of color 0, consider an element of V, say U = UrfWlm. 
If V were homogeneous of color 0, then for every V E V, V has a representation of 
the form Uz n UtT’, where nr + k, = n + k. But then these sets refine the collection 
{U,j: i + j = n. + k}, a finite collection which is not an w-cover of X, whence V is not 
an w-cover of X. 
So, let V be homogeneous of color 1. Enumerate V bijectively as (Vn: n = 1,2,3, . . .); 
for each r, choose a representation of VT, say 
Since V is homogeneous of color 1, we have that n, + k, # n, + k, whenever r # s. 
This implies that the sequence (m,: r = 1,2,3, . . .) diverges to infinity. But then the 
w-cover {UtTr: r = 1,2,3,. . .} meets each Lf, in a finite set (recall that the 2.4,‘~ are 
disjoint from each other!). 
(2) + (1): Now assume that X is in P(R, 6’) flQ(0, L’), that U is an w-cover for X 
and that @J : [U12 -+ (0, 1) . IS a coloring. Enumerate U bijectively as (Un: n = 1,2,3,. . .). 
Choose ii such that 241 = {U E U: @({U,, U}) = il} is an w-cover of X. Then, 
at stage n + 1 choose in+1 such that Z&+1 = {U E Un: @({Un+l,U}) = &+I} is 
an w-cover for X. Applying the fact that X is in Si(R, 0) to the sequence (Z&: n = 
1,2,3, . .) of w-covers of X we find for each n a uk,, E U, such that the set {uk,: n = 
1,2,3,. . .} is an w-cover of X. Partitioning this set into two according to whether ik_ 
is zero or one, we see that we obtain an w-subcover for which the ikn all have the same 
value. 
We may assume that for all 72, ik,, = 1. Now we choose positive integers ml < rn2 < 
. < me < . . . such that: For each i, for all r < rni and for all j 2 mi+i, Ukj E uk,. 
For each i put Vi = {Unk: rni < k < mi+l}. Then the sequence (Vi: i = 1,2,3,. . .) 
is a partition of an w-cover of X into nonempty finite subsets. By property Q(L?, 0) we 
find for each i a Vi in V, such that {Vi: i = 1,2,3,. . .} is an w-cover of X. But each 
of the sets {I&: i = 1,2,3,. . .} and {V-i+,: i = 1,2,3,. .} is homogeneous of color 
(1) for @, and at least one of them is an w-cover of X. 0 
56 M. Scheepers / i’bpology and its Applications 69 (1996) 31-62 
Theorem 25. For a set X of real numbers, the following are equivalent: 
(1) J-2 + (0);. 
(2) For each k, $2 -+ (L’)~. 
(3) For each k and each n, R + (0);. 
(4) n -+ (0,4)3. 
Proof. The implication (3) 3 (4) is clearly true. The proof of the implication (4) * (1) 
is like that of Theorem 2.1 of [I]. We must show that (1) + (2), and (2) Z+ (3). 
(2) + (3): For the sake of simplicity we work this out for n = 3; the proof for 
each n is similar, using induction. By (2) and by Theorem 24 we know that X is in 
Q(.n, 0) l-l Sl(Q, 0). 
Thus, let k be a positive integer and let U be an w-cover of X. Let f : [U]” -+ 
(0, 1, . . . , k} be a given coloring. Let (Vm: n = 1,2,3,. . .) enumerate U bijectively. 
Inductively define a sequence (U,: n = 1,2,3,. . .) of w-covers of X and a sequence 
(i,: n = 1,2,3,. . .) of elements of (0, 1, . . . , k} as follows: Let @I : [U \ {Ul}]2 + 
{O,l,... , k} be the coloring defined by @i(V) = f({ui} U V). Apply (1) to find an it 
and an w-cover Ut which is it -homogeneous for Qt. 
Assume that UI 2 U2 > . . . > U,, w-covers of X, as well as ii,. . . , i, have been 
selected such that for each j < n and for each V E [Uj]’ we have f({Vj} U V) = ij. 
Define Qn+i : [U, \ {IYI~+~}]~ + (0, 1, . . . , k} so that for each V in [Z&l2 we have 
@,+t (V) = f ((Un+i} U V). Then apply (1) to find an &+I and an w-cover &+I 2 154, 
which is i,+ 1 -homogeneous for Qn+ I. 
Since X is in Si (Q, a), there is a sequence (I&: n = 1,2,3,. . .) such that for each 
n V, is an element of U,, and such that {I&: n = 1,2,3,. . .} is an w-cover of X. For 
each k we may choose nk such that vk = U,,. Since one of the classes in a partition of 
an w-cover into finitely many classes is again an w-cover, we may assume that there is 
a fixed i such that for all Ic we have i,, = i. 
Choose 1 < ICI < k2 < .. - < k, < . . . such that for all j 2 kl we have Unj f U,, , 
and for all C, for all j 3 ki+l and for all i < ke, we have U,, E Lfni. Put Pi = {Ulti: i 6 
ICI} and P,+r = {Uni: k, < i < k,+l }. Then the sequence (P,: n = 1,2,3,. . .) is 
a partition of an w-cover of X into pairwise disjoint nonempty finite sets. Since X has 
the 2-uncrowdedness property for w-covers, we find a 2-uncrowded set Z of positive 
integers and for each k in Z a wk in pk such that the set {wk: k = 1,2,3, . . .} is an 
w-cover of X. But then this w-cover is homogeneous of color i for f. 
The proof of (1) 3 (2) is standard. 0 
As could be gleaned from the earlier sections, the game-theoretic tool is powerful in 
analyzing the classes of sets we are studying here. Here is a natural game associated 
with the class Si (r, r): Players ONE and TWO play an inning per positive integer. In 
the nth inning, ONE chooses a y-cover U, of X, and TWO responds by selecting a set 
U, E l&. TWO wins a play 
Ui,Ui,...,U,,U,,... 
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if { UTL: n = 1,2,3, . . .} is a y-cover of X; otherwise, ONE wins. The symbol ri (X) 
denotes this game. 
Theorem 26. For a set X of real numbers, the following are equivalent: 
(1) X belongs to the class SI (T, T). 
(2) ONE has no winning strategy in the game P,(X). 
Proof. The proof of the implication (2) * (1) uses a standard argument. We show that 
(1) + (2). Thus, let F be a strategy for ONE. Then use F to define open subsets U,, 
7 E <Ww, of X as follows. 
The first move of ONE, F(X), is enumerated bijectively as (UC,): n < w). Then 
for each n, F(U(,)) \ VJ(,)) is enumerated bijectively as (U(,,,): rn, < w). As- 
sume that for each T of length at most k we have already defined U,. Then we define 
(u(, ,,_.., nk,m): m = 1,2,3,. ..I to be 
where the enumeration (UC,, ,,.., 7Lk ,m): m = 1,2,3, . . .) is bijective. 
By the rules of the game we see that for every finite sequence ~7 the set { U,,,_C~,: m = 
1,2,3,...}isay- cover of X. Applying the fact that X is in Si (F, r), we find for each 
(T an n,, such that the set {U,,_~,o~: g a finite sequence} is a y-cover of X. 
Recursively define 7x1, n2, . . so that ni = no and nk+l = n(n,,,,,,7Lk). Then the 
sequence 
U(,,)> U(,,,?L,), . . . I qn I,..., IQ), . . . 
is the sequence of moves of TWO during a play of the game in which ONE used F. 
If this sequence has infinitely many distinct terms, it constitutes a -y-cover of X, thus 
defeating F. The fact that this sequence of moves by TWO indeed has infinitely many 
distinct terms follows from the way we have modified the moves of ONE before letting 
TWO respond. 0 
6.1. The Hurewicz property 
According to Hurewicz [l l] X has the Hurewicz property if for every sequence 
(Z&: n = 1,2,3,. . .) of open covers of X there is a sequence (Vn: n = 1,2,3,. .) 
such that for each n V, is a finite subset of U,, and such that 
xc rj f--) (uvm). 
n=l m)n 
A set X has the property lJen(O, r*) if, and only if, it has the Hurewicz property. 
The following game is naturally associated with this covering property: In the nth 
inning ONE selects a large cover 24, of X; TWO responds by selecting a finite set 
V, c U,. TWO wins the play 
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if for each 2 for all but finitely many n, z E U Vn; otherwise, ONE wins. This game is 
denoted Hurewicz(X). 
Theorem 27. For a set X of real numbers the following are equivalent: 
(1) X has the Hurewicz property. 
(2) ONE does not have a winning strategy in the game Hurewicz(X). 
Proof. A standard argument shows that if ONE does not have a winning strategy in the 
game Hurewicz(X), then X has the Hurewicz property. We prove the other implication. 
Let F be a strategy for ONE. ONE’s first move according to strategy F is denoted F(X). 
Define large covers of X as follows: 
(1) F(X) = (Ucn,: n = 1,2,3,. . .), and 
(2) assuming that U, has been defined for each finite sequence cr of positive integers 
of length at most m, we define: 
(U(nI,...,n,,k): k = 1,2>3,. . .) 
= F({&): n < 7211,. . , {u,, I,,.., n,_,,k): k G 4). 
Since X has the Hurewicz property, we find for every finite sequence 0 of positive 
integers a positive integer 72, such that, setting V, = {VU,,,): n < n,}, each element 
of X belongs to all but finitely many of the sets U V,. 
Now recursively select a sequence 721,722,. . , nk, . . . of positive integers such that 
i 
n0 if k = 0, and 
%+1 = 
Tn, ,...,7h) otherwise. 
Then the sequence I’(,,), . . . , V(, ,,..., nk), . . . is a sequence of moves by TWO against 
the strategy F of ONE which defeats F. Consequently F is not a winning strategy for 
ONE. 0 
Corollary 28. Every set of real numbers which has the Hurewicz proper0 satisjies 
CD&&% A). 
Proof. Let X be a set with the Hurewicz property and let (Un: n = 1,2,3, . . .) be a 
sequence of large covers of X. Let (Y,: n = 1,2,3,. . .) be an infinite sequence of 
pairwise disjoint infinite subsets of the set of positive integers whose union is the set of 
positive integers. Define a strategy F for ONE in the game Hurewicz(X) as follows: 
The first move of ONE is F(X) = L/l and for every finite sequence (VI,. . . , Vn) of 
finite sets of open sets, define 
F(U,, . . . ) Vn) = u, \ (VI u . . . u Vn) 
whenever n is in Y,. This is a legitimate strategy for ONE but is not a winning strategy. 
Accordingly there is an F-play which is lost by ONE. Let 
F(X), VI, F(R), . . . , Vn, WI,. . . , h), . . 
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be a play lost by ONE. Then each element of X is in all but finitely many of the sets 
lJ V,. Observe that by the definition of F the sequence of sets (Vn: n = 1,2,3 . . .) is 
pairwise disjoint. For each n put R, = UrngYm V,. Then each R, is a large cover of 
X, and these covers are pairwise disjoint. 0 
Corollary 29. If X has the Hurewicz property then it satisJes Split(A, A). 
6.2. s, (L?, F) 
According to Gerlits and Nagy [8], a set X of real numbers has the y-property if there 
is for every sequence (Un: n < w) of w-covers of X a sequence (Un: n < w) such that 
for each n U, is an element of U, and {Un: n < w} is a y-cover for X. 
There is a natural game, denoted Gamma(X), associated with this property: In the 
nth inning ONE selects an w-cover of X and TWO responds by selecting an element of 
this w-cover. They play an inning per positive integer. TWO wins a play if the collection 
of sets selected by TWO is a y-cover for X; ONE wins otherwise. 
Theorem 30. For a set X of real numbers the following are equivalent: 
(1) X is in Sub(R,T). 
(2) X is in SI (L?, r). 
(3) ONE has no winning strategy in Gamma(X). 
(4) For all positive integers n and k, R + (I’);. 
Proof. The implication (1) + (2) is due to Gerlits and Nagy [8]. 
(2) + (3): Let F be a strategy for ONE in the game Gamma(X). Define w-covers 
for X as follows: 
(1) (U(,): n= 1,2,3,...) enumerates F(X), the first move of ONE, and 
(2) assuming that U, is already defined for every sequence of length at most m of 
positive integers, we define (UC,, ,.,,, nm,h): k = 1,2,3, . . .) to be: 
F(U(,,),...JJ(, I,..., n,)) \ {U,,,,>...JJ(, I,..., n,$ 
For every finite sequence u of positive integers the set {U,,,,,: n = 1,2,3, . . .} is an 
w-cover of X. Now apply (2) to select for each 0 a positive integer n, such that the 
selection 
{U,_,,o): o finite sequence of positive integers} 
is a y-cover of X. Then define a sequence ni , n2, n3,. . . of positive integers such that 
nr = ng, and for each k larger than 1, ?Zk+l = n(,,,,,,,,k). Then the sequence 
U(Tl,), . . . , qn ,,..., 7&h), . . 
is a sequence of moves by TWO during a play in which ONE! used the strategy F, and 
this sequence constitutes a y-cover for X. Thus, F is not a winning strategy for ONE. 
(3) * (4): W e s h ow that 0 -+ (#. The proof for higher exponents and more colors 
then uses this fact and the usual methods for proving Ramsey’s theorem for higher 
exponents and more colors. 
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Thus, let U be an w-cover of X and let f : [U]’ -+ (0, 1) be a given coloring. Enu- 
merate Lf bijectively as (UC,): n = 1,2,3, . . .). We shall now define a strategy F for 
ONE in the game Gamma(X). 
The first move by ONE according to F is F(X) = U. For each n we choose an i, in 
(0, 1) such that the set F(U(,)) = {V E U: f({U(,), V}) = icn,} is an w-cover of X; 
for convenience we enumerate it bijectively as (UC,,,) : m = 1,2,3, . . .). Assume that 
for every finite sequence o of length at most m of positive integers we have defined U, 
and i’Tr,mL,,,(0)_, such that 
(1) i, is in (0, l}, and 
(2) with g equal to (nl , . . . , nk), we have: (Vcn, ,,,_, nk,m) : m = 1,2,3, . . .) enumerates 
the w-cover 
{V E F(U(n,),-, qn ,...., nk)): f(&L, ,..., 7%)) v>> = $L, ...1%,> 
of x. 
Let (nl , . . . , n,) be given. Then UC, ,,..., n,) is an element ofF(U(,,), . . . , UC, ,,,.,, nm-,)). 
Choose i(, ,,,.,, n,) E (0, 1) so that 
F(U(n,), . . . , U(, I,..., n,)> = (U(, I,..., n,,k): k = 1>2? 3,. * .I 
bijectively enumerates the w-cover 
{V E F(U(,,),...,U(,,,...,,m-,) ): F({U(, I,..., n,), V>> =i(n, ..., nrn,> 
of x. 
This defines a strategy for ONE. By hypothesis ONE has no winning strategy. Thus, 
choose a play against this strategy which defeats it, say 
U,,,), . . . , qn, ,...( 71k) 7 . . . * 
Then this sequence of sets has the property that it constitutes a y-cover for X, and for 
all k < f? we also have 
Then choose i E (0, 1) such that for infinitely many k we have it,,,,..,,,) = i. Put 
V = {U(n,,,.,,nk): i(,,,,.,,,,) = i}. Then V is a y-cover of X which is homogeneous for 
the coloring f, and which is a subset of the w-cover U. 
(4) * (1): This implication is easy. 13 
Theorem 31. The following classes are equal: S1 (f2, T), UnCr(Q, I’), RamSey(fl, r), 
qn, r>, and scqn, q. 
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At this point the second diagram in the article has been simplified to: 
Hurewicz ---+ Ufi”(C Q**) --+ Menger 
1 I 
- Sfi” CC Q) 
Sl(C 0 -wm- s1 cry 4 
T t 9 
y-sets -----+ Si (0, 0) - cl’ 
For typographical reasons the class Ss,(n, L’) which lies between St (L’, 6’) and 
SE,(r, 0) has been left out. In [12] it is shown that for subspaces of 
of these twelve classes only Si , (r, r) and Se,(r, r) provably coincide. 
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